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Abstract. We present a detailed study of direct CP violation and the branching ratios in the channels
B0,± → π+π−V 0,±, where V is a vector meson (K∗0,± or ρ±). Emphasis is put upon the important role
played by ρ0–ω mixing effects in the estimation of the CP -violating asymmetry parameter, aCP , associated
with the difference of the B and B̄ decay amplitudes. A thorough study of the helicity amplitudes is
presented as a function of the pion–pion invariant mass. All of the calculations and simulations considered
correspond to channels which will be analyzed at the LHCb facility.

1 Introduction

Understanding the physical origin of the violation of CP
(charge conjugation × parity) symmetry is one of the main
goals of particle physics at the present time. Recent ex-
periments at e+e− colliders (BaBar, Belle) have produced
fundamental results which strengthen the CKM picture of
CP violation [1,2] in the B meson sector [3,4]. However,
the main results of these two collaborations are related
to B decays into pairs of pseudo-scalar mesons or into a
vector plus a pseudo-scalar meson.

A very broad physics program can also be carried out
in the sector with two vector mesons in the final state,
following B decay. Apart from measuring the standard
angles, α, β and γ of the unitary triangle (UT), the vec-
tor mesons are polarized and their decay products (usually
long-lived 0−+ mesons) are correlated. This opens the pos-
sibility of making interesting cross-checks of the standard
model predictions as well testing some specific models of
CP violation beyond the SM approach.

In the special case of two neutral vector mesons, the
orbital angular momentum, �, and the total spin, S, of the
V 0

1 V
0
2 system satisfy the equality � = S = 0, 1, 2. The CP

eigenvalues are defined as (−1)�. Because of the allowed
values for the angular momentum, �, one has a very clear
indication of any mixing of different CP eigenstates and
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hence of CP non-conservation. The separation of the dif-
ferent CP eigenstates requires a detailed analysis of the
final angular distributions [5]. However, because this anal-
ysis can be carried out in a model independent way, it
provides a significant constraint on any model.

After explaining the helicity formalism (Sect. 2), a spe-
cial study is devoted to the final state interactions (FSI)
and the key role of ρ0–ω mixing (Sect. 3). A complete and
realistic determination of the helicity amplitudes, in the
framework of the effective Hamiltonian approach, is intro-
duced in Sect. 4. Then, the main results of the Monte Carlo
simulations, providing estimates of the various density ma-
trix elements hij , are shown in Sect. 5. In the following sec-
tion (Sect. 6) the numerical analysis and discussions of the
branching ratios and asymmetries for B decays into two
vectors (B → ρ0(ω)V2, with V2 = K∗0, K̄∗0,K∗−,K∗+,
ρ+, ρ−) are given in detail. These two vectors, ρ0(ω) and
V2, each decay into two pseudo-scalars. Emphasis is put on
the angular distributions of the pseudo-scalar mesons in
both the helicity and transversity frames. Finally, in the
last section, we summarize our results for the different
channels which will be investigated in future experiments
at pp colliders and make some concluding remarks.

2 General formalism for B → V1V2 decays

2.1 Helicity frame

Because the B meson has spin 0, the final two vector
mesons, V1 and V2, have the same helicity, λ1 = λ2 =
−1, 0,+1, and their angular distribution is isotropic in the



216 Z.J. Ajaltouni et al.: Direct CP violation in B → π+π−V with ρ0–ω mixing effects

B rest frame. Let Hw be the weak Hamiltonian which gov-
erns the B decays. Any transition amplitude between the
initial and final states will have the following form:

Hλ = 〈V1(λ)V2(λ)|Hw|B〉 , (1)

where the common helicity is λ = −1, 0,+1. Then, each
vector meson Vi will decay into two pseudo-scalar mesons,
ai, bi, where ai and bi can be either a pion or a kaon,
and the angular distributions of ai and bi depend on the
polarization of Vi.

The helicity frame of a vector meson Vi is defined in
the B rest frame such that the direction of the Z-axis
is given by its momentum, �pi. Schematically, the whole
process gets the form

B −→ V1 + V2 −→ (a1 + b1) + (a2 + b2) .

The corresponding decay amplitude,

Mλ

(
B →

2∑
i=1

(ai + bi)

)
,

is factorized out according to the relation

Mλ

(
B →

2∑
i=1

(ai + bi)

)

= Hλ(B → V1 + V2) ×
2∏

i=1

Ai(Vi → ai + bi) , (2)

where the amplitudes Ai(Vi → ai + bi) are related to the
decay of the resonances Vi. The Ai(Vi → ai +bi) are given
by the following expressions:

A1(V1 → a1 + b1) =
1∑

m1=−1

c1D
1
λ,m1

(0, θ1, 0) ,

A2(V2 → a2 + b2) =
1∑

m2=−1

c2D
1
λ,m2

(φ, θ2,−φ) . (3)

These equalities are an illustration of the Wigner–Eckart
theorem. In (3), the c1 and c2 parameters represent, re-
spectively, the dynamical decays of the V1 and V2 reso-
nances. The term D1

λ,mi
(φi, θi,−φi) is the Wigner rota-

tion matrix element for a spin-1 particle and we let λ(ai)
and λ(bi) be the respective helicities of the final particles
ai and bi in the Vi rest frame. θ1 is the polar angle of a1 in
the V1 helicity frame. The decay plane of V1 is identified
with the (X–Z) plane and consequently the azimuthal an-
gle φ1 is set to 0. Similarly, θ2 and φ are respectively the
polar and azimuthal angles of particle a2 in the V2 helicity
frame. Finally, the coefficients mi are defined by

mi = λ(ai) − λ(bi) . (4)

Our convention for the D1
λ,mi

(α, β, γ) matrix element is
given in Rose’s book [6], namely

D1
λ,mi

(α, β, γ) = exp[−i(λα+miγ)] d1
λ,mi

(β) . (5)

The most general form of the decay amplitude

M
(
B →

2∑
i=1

(ai + bi)

)

is a linear superposition of the previous amplitudes

Mλ

(
B →

2∑
i=1

(ai + bi)

)

denoted by

M
(
B →

2∑
i=1

(ai + bi)

)
=
∑

λ

Mλ

(
B →

2∑
i=1

(ai + bi)

)
.

(6)
The decay width, Γ (B → V1V2), can be computed by tak-
ing the square of the modulus,

∣∣∣M(
B →∑2

i=1(ai + bi)
)∣∣∣,

which involves the three kinematic parameters θ1, θ2 and
φ. This leads to the following general expression:

d3Γ (B → V1V2)

∝
∣∣∣∣∣
∑

λ

Mλ

(
B →

2∑
i=1

(ai + bi)

)∣∣∣∣∣
2

=
∑
λ,λ′

hλ,λ′Fλ,λ′(θ1)Gλ,λ′(θ2, φ) , (7)

which involves three density matrices, hλ,λ′ , Fλ,λ′(θ1) and
Gλ,λ′(θ2, φ). The factor hλ,λ′ = HλH

∗
λ′ is an element of

the density matrix related to the B decay, while Fλ,λ′(θ1)
represents the density matrix of the decay V1 → a1+b1. In
a similar way, Gλ,λ′(θ2, φ) represents the density matrix
of the decay V2 → a2 + b2.

The analytic expression in (7) exhibits a very general
form. It depends on neither the specific nature of the in-
termediate resonances nor their decay modes (except for
the spin of the final particles). This approach also presents
three key advantages. The first one comes from the fact
that all the dynamics of the B decay is introduced into the
coefficients hλ,λ′ . This allows us to use various theoretical
models involving different dynamical processes and form
factors. The second is associated with the fact that the for-
mal expressions for Fλ,λ′(θ1) and Gλ,λ′(θ2, φ), which are
related to the polarization of the intermediate resonances,
remain unchanged whatever the coefficients hλ,λ′ happen
to be. Finally, correlations among the final particles arise
in a straightforward way because of the previous expres-
sion which relates the angles θ1, θ2 and φ. Consequently,
a probability density function (pdf) can be inferred from
the general expression, and one gets

f(θ1, θ2, φ) =
d3Γ (B → V1V2)

Γ (B → V1V2)d(cos θ1)d(cos θ2)dφ
, (8)

where the angles θ1, θ2 and φ were defined earlier and
Γ (B → V1V2) is the partial decay width. This function
allows one to compute three other pdfs separately for the
variables θ1, θ2 and φ.
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Fig. 1. Transversity frame for B → ρ0K∗

The previous calculations are illustrated by the reac-
tion B0 → K∗0ρ0 where K∗0 → K+π− and ρ0 → π+π−.
In this channel, since all the final particles have spin zero,
the coefficients m1 and m2, defined in (4), are equal to
zero. The three-fold differential width has the following
form:

d3Γ (B → V1V2)
d(cos θ1)d(cos θ2)dφ

(9)

∝ (h++ + h−−) sin2θ1sin2θ2/4 + h00cos2θ1cos2θ2

+
{

Re(h+0)cosφ− Im(h+0)sinφ

+ Re(h0−)cosφ− Im(h0−)sinφ
}

sin 2θ1sin 2θ2/4

+ {Re(h+−)cos 2φ− Im(h+−)sin 2φ} sin2θ1sin2θ2/2 ,

where all the terms in (9) have been already specified. It
is worth noticing that the expression in (9) is completely
symmetric in θ1 and θ2 and consequently, the angular dis-
tributions of a1 in the V1 frame is identical that of a2 in
the V2 frame. From (8) and (9) the normalized pdfs of θ1,
θ2 and φ can be derived and one finds

f(cosθ1,2) = (3h00 − 1)cos2θ1,2 + (1 − h00) , (10)
g(φ) = 1 + 2 Re(h+−)cos 2φ− 2 Im(h+−)sin 2φ .

2.2 Transversity frame

Initially, the transversity frame (TF) was introduced by
Bohr [7] in order to facilitate the determination of the spin
and parity of a resonance decaying into stable particles. It
can be extended to a system of two vector mesons coming
from a heavy meson, B or B̄, in order to perform tests
of CP symmetry. In displaying new angular distributions,
the TF provides physical information complementary to
that seen in the standard helicity frame. The construction
of the TF and its use require several steps. For a clear
illustration, see Fig. 1, where the channel B0 → ρ0K∗0 is
chosen.

Departing from the B rest frame, the common helicity
axis, (∆H), is given by the direction of the momentum
�p1. This and the decay plane, (ΠD), of the vector meson
(K∗0 → K+π−) are the main ingredients of the TF. The
vector meson ρ0 is taken at rest (origin of the frame) and

the X-axis is given by (∆H). In the decay plane, (ΠD),
the Y -axis, which is orthogonal to the X-axis, is chosen in
such a way that the K+ meson has the Y -component of
its momentum greater than or equal to zero. The Z-axis,
which is orthogonal to the plane (ΠD), is obtained by the
classical relation �eZ = �eX×�eY .

The angular distributions of the π± coming from the ρ0

decay are referred to the new Z-axis. It is worthy noticing
that, in the TF, the flying meson and its decay products
are very energetic compared to the B frame. Explicitly,
the ρ0 energy is given by the relation

Eρ0 = (mB
2 −m1

2 −m2
2)/2m1 ≈ 17 GeV , (11)

where m1 and m2 refer to the masses of the K∗0 and ρ0

resonances, respectively. As far as the transition ampli-
tudes in the TF are concerned, they are a simple linear
combination of the helicity amplitudes, namely

HP =
H+ +H−√

2
, and HT =

H+ −H−√
2

, (12)

while H0 remains unchanged. We can rewrite the angular
distributions given in (10) by using the relations from (12)
and the angles θ1,2, φ expressed in the transversity frame.
Thus one gets

fT(cosθ1,2) =
(
3|HT|2 − 1

)
cos2θ1,2 +

(
1 − |HT|2

)
,

gT(φ) =
(
1 + |H0|2 − |HP|2

)
cos 2φ . (13)

3 Final state interactions and ρ0–ω mixing

3.1 Factorization hypothesis

Final state interactions (FSI) represent unavoidable ef-
fects in hadronic physics and they play a crucial role in
heavy resonance decays [8]. In the case of a B meson, char-
acterized by a center-of-mass energy

√
s ≈ 5.3 GeV, the

charmless weak decays of the b quark lead to light ener-
getic quarks which can exchange several gluons amongst
themselves as well as with the spectator quark in the B
meson. This fundamental process occurs in decays de-
scribed by tree, penguin and annihilation diagrams and
is characterized by two regimes: the perturbative one and
the non-perturbative one. In order to handle the FSI in
both regimes, the usual method is inspired by the effective
Lagrangian approach. Perturbative calculations at next-
to-leading order (NLO) are performed for a scale higher
than mb (since our analysis is focused on B decays) and
the non-perturbative effects are inserted for a scale lower
than mb. This general method is called the factorization
procedure [9] and further details are given below.

In the factorization approximation, either the vector
meson ρ0(ω) or the K∗ is generated by one current in the
effective Hamiltonian which has the appropriate quantum
numbers. For the B decay processes considered here, two
kinds of matrix element products are involved after fac-
torization (i.e. omitting Dirac matrices and color labels):

〈ρ0(ω)|(ūu)|0〉〈K∗|(q̄iqj)|B±,0〉
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and
〈K∗|(q̄iqj)|0〉〈ρ0(ω)|(ūb)|B±,0〉,

where qi and qj could be either u, s or d. We will calculate
them in two phenomenological quark models.

The matrix elements for B → X∗ (where X∗ denotes
a vector meson) can be decomposed as follows [10]:

〈X∗|Jµ|B〉 =
2

mB +mX∗
εµνρσε

∗νpρ
Bp

σ
X∗V (k2)

+ i
{
ε∗µ(mB +mX∗)A1(k2)

− ε∗ · k
mB +mX∗

(PB + PX∗)µA2(k2)

−ε∗ · k
k2 2mX∗ · kµA3(k2)

}
+ i

ε∗ · k
k2 2mX∗ · kµA0(k2) , (14)

where Jµ is the weak current, defined by Jµ = q̄γµ(1 −
γ5)b with q = u, d, s and k = pB − pX∗ and εµ is the
polarization vector of X∗. The form factors A0, A1, A2, A3
and V describe the transition 0− → 1−. Finally, in order
to cancel the poles at q2 = 0, the form factors respect the
condition

A3(0) = A0(0) , (15)

and they also satisfy the following relations:

A3(k2) =
mB +mX∗

2mX∗
A1(k2) − mB −mX∗

2mX∗
A2(k2) . (16)

In the evaluation of matrix elements, the effective number
of colors, N eff

c , enters through a Fierz transformation. In
general, for an operator Oi, one can write

1
(N eff

c )i
=

1
3

+ ξi ,with i = 1, · · · , 10 ; (17)

here ξi describes non-factorizable effects. ξi is assumed to
be universal for all the operators Oi. Naive factorization
assumes that we can replace – in a heavy quark decay – the
matrix element of a four fermion operator by the product
of the matrix elements of two currents. This reduces to
the product of a form factor and a decay constant. This
assumption is only rigorously justified at large values of
Nc. But it is known that naive factorization may give a
good estimate of the magnitude of the B decay amplitude
in many cases [11].

3.2 FSI at the quark level:
strong phase generated by the penguin diagrams

Let A be the amplitude for the decay B → ρ0(ω)K∗ →
π+π−K∗ (a similar procedure applies in the case where
we have a ρ± [12] instead of the K∗); then one has

A = 〈K∗π−π+|HT|B〉 + 〈K∗π−π+|HP|B〉 , (18)

with HT and HP being the Hamiltonians for the tree and
penguin operators. We can define the relative magnitude
and phases between these two contributions as follows:

A = 〈K∗π−π+|HT|B〉[1 + reiδeiφ] ,

Ā = 〈K̄∗π+π−|HT|B̄〉[1 + reiδe−iφ] , (19)

where δ and φ are strong and weak phases, respectively.
The phase φ arises from the appropriate combination of
CKM matrix elements, φ = arg[(VtbV

∗
ts)/(VubV

∗
us)]. As a

result, sinφ is equal to sin γ, with γ defined in the standard
way [13]. The parameter r is the absolute value of the ratio
of tree and penguin amplitudes:

r ≡
∣∣∣∣ 〈ρ0(ω)K∗|HP|B〉
〈ρ0(ω)K∗|HT|B〉

∣∣∣∣ . (20)

3.3 Strong phase generated by the ρ0–ω mixing

In the vector meson dominance model [14], the photon
propagator is dressed by coupling to vector mesons. From
this, the ρ0–ω mixing mechanism [15] was developed. In
order to obtain a large signal for direct CP violation, we
need some mechanism to make both sin δ and r large.
We stress that ρ0–ω mixing has the dual advantages that
the strong phase difference is large (passing through 90◦
at the ω resonance) and well known [12,17]. With this
mechanism, to first order in isospin violation, we have the
following results when the invariant mass of the π+π− pair
is near the mass of the ω resonance:

〈K∗π−π+|HT|B〉 =
gρ

sρsω
Π̃ρωtω +

gρ

sρ
tρ ,

〈K∗π−π+|HP|B〉 =
gρ

sρsω
Π̃ρωpω +

gρ

sρ
pρ . (21)

Here tV (V = ρ or ω) is the tree amplitude and pV the
penguin amplitude for producing a vector meson, V ; gρ

is the coupling for ρ0 → π+π−, Π̃ρω is the effective ρ0–ω
mixing amplitude, and sV is the inverse propagator of the
vector meson V ,

sV = s−m2
V + imV ΓV , (22)

with
√
s being the invariant mass of the π+π− pair. We

stress that the direct coupling ω → π+π− is effectively ab-
sorbed into Π̃ρω [18], leading to the explicit s dependence
of Π̃ρω. Making the expansion Π̃ρω(s) = Π̃ρω(m2

ω) + (s−
m2

w)Π̃ ′
ρω(m2

ω), the ρ0–ω mixing parameters were deter-
mined in the fit of Gardner and O’Connell [19]:

Re Π̃ρω(m2
ω) = −3500 ± 300 MeV2 ,

Im Π̃ρω(m2
ω) = −300 ± 300 MeV2 ,

and Π̃ ′
ρω(m2

ω) = 0.03 ± 0.04. In practice, the effect of the
derivative term is negligible. From (18) and (21) one has

reiδeiφ =
Π̃ρωpω + sωpρ

Π̃ρωtω + sωtρ
. (23)
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Defining
pω

tρ
≡ r′ei(δq+φ) ,

tω
tρ

≡ αeiδα ,
pρ

pω
≡ βeiδβ , (24)

where δα, δβ and δq are partial strong phases (absorptive
part) arising from the tree and penguin diagram contri-
butions. Substituting (24) into (23), one finds

reiδ = r′eiδq
Π̃ρω + βeiδβsω

sω + Π̃ρωαeiδα
, (25)

where the total strong phase, δ, is mainly proportional to
the ratio of the penguin and tree diagram contributions.

3.4 Importance of the strong phase for BB̄ asymmetry

Under a CP transformation the strong phase, δ, remains
unchanged, while the weak phase, φ, which is related to
the CKM matrix elements, changes sign. Thus, the asym-
metry parameter, adir

CP , which can reveal direct CP viola-
tion, can be deduced in the following way:

adir
CP =

A2 − Ā2

A2 + Ā2 =
−2 r sin δ sinφ

1 + r2 + 2 r cos δ cosφ
. (26)

It is straightforward to see that the parameter adir
CP

depends on both the strong phase and the weak phase
and, consequently, that the maximum value of adir

CP can
be reached if sin δ = 1. This is why the strong final state
interaction (FSI) among pions coming from ρ0–ω mixing
enhances the direct CP violation in the vicinity of the
mass of the ω resonance.

In the Wolfenstein parameterization [20], the weak
phase comes from [VtbV

∗
ts/VubV

∗
us] and one has for the de-

cay B → ρ0(ω)K∗,

sinφ =
−η√
ρ2 + η2

,

cosφ =
−ρ√
ρ2 + η2

, (27a)

while the weak phase comes from [VtbV
∗
td/VubV

∗
ud] for the

decay B → ρ0(ω)ρ,

sinφ =
η√

[ρ(1 − ρ) − η2]2 + η2
,

cosφ =
ρ(1 − ρ) − η2√

[ρ(1 − ρ) − η2]2 + η2
. (27b)

The values used for ρ and η will be discussed in Sect. 5.

4 Explicit calculations
according to the effective Hamiltonian

4.1 Generalities concerning the OPE
for weak hadronic decays

4.1.1 Operator product expansion

The operator product expansion (OPE) [21] is an ex-
tremely useful tool in the analysis of weak interaction

processes involving quarks. Defining the decay amplitude
A(M → F ) as

A(M → F ) ∝ Ci(µ)〈F |Oi(µ)|M〉 , (28)

where Ci(µ) are the Wilson coefficients (see Sect. 4.1.2),
Oi(µ) are the operators given by the OPE and µ is an en-
ergy scale, one sees that the OPE separates the calculation
of the amplitude, A(M → F ), into two distinct physical
regimes. One is related to hard or short-distance physics,
represented by Ci(µ) and calculated by a perturbative ap-
proach. The other is the soft or long-distance regime. This
part must be treated by non-perturbative approaches such
as the 1/N expansion [22], QCD sum rules [23], hadronic
sum rules or lattice QCD.

The operators, Oi, are local operators which can be
written in the general form:

Oi = (q̄iΓn1qj)(q̄kΓn2ql) , (29)

where Γn1 and Γn2 denote a combination of gamma matri-
ces and q the quark flavor. They should respect the Dirac
structure, the color structure and the types of quarks rele-
vant for the decay being studied. They can be divided into
two classes according to topology: tree operators (O1, O2),
and penguin operators (O3 to O10). For tree contributions
(where W± is exchanged), the Feynman diagram is shown
in Fig. 2 (left). The current–current operators related to
the tree diagram are the following:

Os
1 = q̄αγµ(1 − γ5)uβ s̄βγ

µ(1 − γ5)bα ,

Os
2 = q̄γµ(1 − γ5)us̄γµ(1 − γ5)b , (30)

where α and β are the color indices. The penguin terms
can be divided into two sets. The first is from the QCD
penguin diagrams where gluons are exchanged, while the
second is from the electroweak penguin diagrams (where
either a γ or a Z0 is exchanged). The Feynman diagram
for the QCD penguin diagram is shown in Fig. 2 (right)
and the corresponding operators are written as follows:

O3 = q̄γµ(1 − γ5)b
∑
q′
q̄′γµ(1 − γ5)q′ ,

O4 = q̄αγµ(1 − γ5)bβ
∑
q′
q̄′
βγ

µ(1 − γ5)q′
α , (31a)

O5 = q̄γµ(1 − γ5)b
∑
q′
q̄′γµ(1 + γ5)q′ ,

O6 = q̄αγµ(1 − γ5)bβ
∑
q′
q̄′
βγ

µ(1 + γ5)q′
α , (31b)

where q′ = u, d, s, c. Finally, the electroweak penguin op-
erators arise from the two Feynman diagrams represented
in Fig. 3 (left) and Fig. 3 (right) where Z, γ are exchanged
from a quark line and from the W line, respectively. They
have the following expressions:

O7 =
3
2
q̄γµ(1 − γ5)b

∑
q′
eq′ q̄′γµ(1 + γ5)q′ ,
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Fig. 2. Tree diagram (left), and QCD penguin diagram (right), for B decays

Fig. 3. Electroweak penguin diagram (left), and electroweak penguin diagram with coupling between Z, γ and W (right), for
B decays

O8 =
3
2
q̄αγµ(1 − γ5)bβ

∑
q′
eq′ q̄′

βγ
µ(1 + γ5)q′

α ,

O9 =
3
2
q̄γµ(1 − γ5)b

∑
q′
eq′ q̄′γµ(1 − γ5)q′ , (32)

O10 =
3
2
q̄αγµ(1 − γ5)bβ

∑
q′
eq′ q̄′

βγ
µ(1 − γ5)q′

α ,

where eq′ denotes the electric charge of q′.

4.1.2 Wilson coefficients

As we mentioned in the preceding subsection, the Wilson
coefficients [24], Ci(µ), represent the physical contribu-
tions from scales higher than µ (the OPE describes physics
for scales lower than µ). Since QCD has the property of
asymptotic freedom, they can be calculated in perturba-
tion theory. The Wilson coefficients include the contribu-
tions of all heavy particles, such as the top quark, the W
bosons, and the charged Higgs boson. Usually, the scale
µ is chosen to be of O(mb) for B decays. The Wilson
coefficients have been calculated to next-to-leading order
(NLO). The evolution of C(µ) (the matrix that includes
Ci(µ)) is given by

C(µ) = U(µ,MW )C(MW ) , (33)

where U(µ,MW ) is the QCD evolution matrix:

U(µ,MW ) =
[
1 +

αs(µ)
4π

J

]

×U0(µ,MW )
[
1 − αs(MW )

4π
J

]
, (34)

with J the matrix summarizing the next-to-leading order
corrections and U0(µ,MW ) the evolution matrix in the
leading-logarithm approximation. Since the strong inter-
action is independent of quark flavor, the C(µ) are the
same for all B decays. At the scale µ = mb = 5 GeV,
C(µ) take the values summarized in Table 1. To be con-
sistent, the matrix elements of the operators, Oi, should
also be renormalized to the one-loop order. This results
in the effective Wilson coefficients, C ′

i, which satisfy the
constraint

Ci(mb)〈Oi(mb)〉 = C ′
i〈Oi〉tree ; (35)

here 〈Oi〉tree are the matrix elements at the tree level.
These matrix elements will be evaluated within the fac-
torization approach. From (35), the relations between C ′

i
and Ci are [25,26]
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Table 1. Wilson coefficients to the next-leading order (see the
reference in text)

Ci(µ) for µ = 5 GeV

C1 −0.3125
C2 +1.1502

C3 +0.0174 C5 +0.0104
C4 −0.0373 C6 −0.0459

C7 −1.050 × 10−5 C9 −0.0101
C8 +3.839 × 10−4 C10 +1.959 × 10−3

C ′
1 = C1 , C ′

2 = C2 ,

C ′
3 = C3 − Ps/3 , C ′

4 = C4 + Ps ,

C ′
5 = C5 − Ps/3 , C ′

6 = C6 + Ps ,

C ′
7 = C7 + Pe , C ′

8 = C8 ,

C ′
9 = C9 + Pe , C ′

10 = C10 ,

(36)

where

Ps = (αs/8π)C2(10/9 +G(mc, µ, q
2)) ,

Pe = (αem/9π)(3C1 + C2)(10/9 +G(mc, µ, q
2)) , (37)

and

G(mc, µ, q
2) = 4

∫ 1

0
dx x(x− 1)ln

m2
c − x(1 − x)q2

µ2 . (38)

Here q2 is the typical momentum transfer of the gluon or
photon in the penguin diagrams and G(mc, µ, q

2) has the
following explicit expression [27]:

Re G =
2
3


ln

m2
c

µ2 − 5
3

− 4
m2

c

q2

+
(

1 + 2
m2

c

q2

)√
1 − 4

m2
c

q2
ln

1 +
√

1 − 4m2
c

q2

1 −
√

1 − 4m2
c

q2


 ,

Im G = −2
3

(
1 + 2

m2
c

q2

)√
1 − 4

m2
c

q2
. (39)

Based on simple arguments at the quark level, the value
of q2 is chosen in the range 0.3 < q2/m2

b < 0.5 [12,28].
From (36)–(39) we can obtain numerical values for C ′

i.
These values are listed in Table 2, where we have taken
αs(mZ) = 0.112, αem(mb) = 1/132.2, mb = 5 GeV, and
mc = 1.35 GeV.

4.1.3 Effective Hamiltonian

In any phenomenological treatment of the weak decays of
hadrons, the starting point is the weak effective Hamilto-
nian at low energy [29]. It is obtained by integrating out
the heavy fields (e.g. the top quark, W and Z bosons)
from the standard model Lagrangian. It can be written as

Heff =
GF√

2

∑
i

VCKMCi(µ)Oi(µ) , (40)

where GF is the Fermi constant, VCKM is the CKM matrix
element (see Sect. 4.3), Ci(µ) are the Wilson coefficients
(see Sect. 4.1.2), Oi(µ) are the operators from the operator
product expansion (see Sect. 4.1.1), and µ represents the
renormalization scale. We emphasize that the amplitude
corresponding to the effective Hamiltonian for a given de-
cay is independent of the scale µ. In the present case, since
we analyze direct CP violation in B decays, we take into
account both tree and penguin diagrams. For the penguin
diagrams, we include all operators O3 to O10. Therefore,
the effective Hamiltonian used will be

H�B=1
eff =

GF√
2

[
VubV

∗
us(C1O

s
1 + C2O

s
2) − VtbV

∗
ts

10∑
i=3

CiOi

]

+H.c. , (41)

and consequently, the decay amplitude can be expressed
as follows:

A(B → V1V2)

=
GF√

2

[
VubV

∗
us (C1〈V1V2|Os

1|B〉 + C2〈V1V2|Os
2|B〉)

− VtbV
∗
ts

10∑
i=3

Ci〈V1V2|Oi|B〉
]

+ H.c. , (42)

where 〈V1V2|Oi|B〉 are the hadronic matrix elements.
They describe the transition between the initial state and
the final state for scales lower than µ and include, up to
now, the main uncertainties in the calculation since they
involve non-perturbative effects.

4.2 New expression of helicity amplitudes hij

according to Wilson coefficients

4.2.1 General helicity amplitude

The weak hadronic matrix element is expressed as the
sum of three helicity matrix elements, each of which takes
the form Hλ

(
B → ρ0(ω)V2

)
= 〈V1V2|Hw

eff |B〉, and is de-
fined by gathering all the Wilson coefficients of both the
tree and penguin operators. Linear combinations of those
coefficients arise, such as cVi

ti
(tree diagram contribution)

and cVi
pi

(penguin diagram contribution). Then, in the case
of B → ρ0(ω)V2, (V1 = ρ0 or ω), the helicity amplitude
Hλ

(
B → ρ0(ω)V2

)
has the general following expression:

Hλ

(
B → ρ0(ω)V2

)
=
(
VubV

∗
usc

ρ
t1 − VtbV

∗
tsc

ρ
p1

)
×
{
βρ

1εαβγδε
∗α
V2

(λ)ε∗β
ρ (λ)P γ

BP
δ
V2

+ i
(
βρ

2ε
∗
V2

(λ)ε∗ρ(λ) − βρ
3 (ε∗V2

(λ)·PB)(ε∗ρ(λ)·PB)
)}

+
(
VubV

∗
usc

ρ
t2 − VtbV

∗
tsc

ρ
p2

)
×
{
βρ

4εαβγδε
∗α
ρ (λ)ε∗β

V2
(λ)P γ

BP
δ
ρ
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Table 2. Effective Wilson coefficients related to the tree operators, elec-
troweak and QCD penguin operators (see the reference in text)

C′
i q2/m2

b = 0.3 q2/m2
b = 0.5

C′
1 −0.3125 −0.3125

C′
2 +1.1502 +1.1502

C′
3 +2.433 × 10−2 + 1.543 × 10−3i +2.120 × 10−2 + 2.174 × 10−3i

C′
4 −5.808 × 10−2 − 4.628 × 10−3i −4.869 × 10−2 − 1.552 × 10−2i

C′
5 +1.733 × 10−2 + 1.543 × 10−3i +1.420 × 10−2 + 5.174 × 10−3i

C′
6 −6.668 × 10−2 − 4.628 × 10−3i −5.729 × 10−2 − 1.552 × 10−2i

C′
7 −1.435 × 10−4 − 2.963 × 10−5i −8.340 × 10−5 − 9.938 × 10−5i

C′
8 +3.839 × 10−4 +3.839 × 10−4

C′
9 −1.023 × 10−2 − 2.963 × 10−5i −1.017 × 10−2 − 9.938 × 10−5i

C′
10 +1.959 × 10−3 +1.959 × 10−3

+ i
(
βρ

5ε
∗
ρ(λ)ε∗V2

(λ) − βρ
6 (ε∗ρ(λ)·PB)(ε∗V2

(λ)·PB)
)}

+
Π̃ρω

(sρ −m2
ω) + imωΓω

[ (
VubV

∗
usc

ω
t1 − VtbV

∗
tsc

ω
p1

)
×
{
βω

1 εαβγδε
∗α
V2

(λ)ε∗β
ω (λ)P γ

BP
δ
V2

+ i
(
βω

2 ε
∗
V2

(λ)ε∗ω(λ) − βω
3 (ε∗V2

(λ)·PB)(ε∗ω(λ)·PB)
)}

+
(
VubV

∗
usc

ω
t2 − VtbV

∗
tsc

ω
p2

)
×
{
βω

4 εαβγδε
∗α
ω (λ)ε∗β

V2
(λ)P γ

BP
δ
ω + i

(
βω

5 ε
∗
ω(λ)ε∗V2

(λ)

− βω
6 (ε∗ω(λ)·PB)(ε∗V2

(λ)·PB)
)}]

, (43)

with εV2,ρ,ω(λ) being the K∗, ρ0 and ω polarization vec-
tors expressed in the B rest frame. Finally εαβγδ is the
antisymmetric tensor in Minkowski space.

In (43) the parameters βi are mainly the form factors
describing transitions between vector mesons. They take
the form

βV1
1,4 =

GF

2
fV1,V2mV1,V2

× 2
mB +mV2,V1

V B→V2,V1(m2
V1,V2

) , (44)

βV1
2,5 =

GF

2
fV1,V2mV1,V2

×(mB +mV2,V1)A
B→V2,V1
1 (m2

V1,V2
) , (45)

βV1
3,6 =

GF

2
fV1,V2mV1,V2

× 2
mB +mV2,V1

AB→V2,V1
2 (m2

V1,V2
) ; (46)

here fV1,V2 is either the ρ0, ω or the K∗ decay constant.
V B→V2,V1 and AB→V2,V1

i are respectively the vector and
axial form factors defined in (14)–(16). It is worth noticing
that the tensorial terms which enter Hλ

(
B → ρ0(ω)V2

)
become simplified in the B rest frame because the four-
momentum of the B is given by PB = (mB ,�0). Then,

using the orthogonality properties of εVi
(λ), the helicity

amplitude Hλ

(
B → ρ0(ω)V2

)
acquires a much simpler ex-

pression than above:

Hλ

(
B → ρ0(ω)V2

)
= iBρ

λ(VubV
∗
usc

ρ
t1 − VtbV

∗
tsc

ρ
p1

)

+ iCρ
λ(VubV

∗
usc

ρ
t2 − VtbV

∗
tsc

ρ
p2

)

+
Π̃ρω

(sρ −m2
ω) + imωΓω

[
iBω

λ (VubV
∗
usc

ω
t1 − VtbV

∗
tsc

ω
p1

)

+iCω
λ (VubV

∗
usc

ω
t2 − VtbV

∗
tsc

ω
p2

)
]
, (47)

where the terms BV1
λ and CV1

λ take the following forms for
the helicity (λ) values −1, 0,+1:

BV1
λ=0 = βV1

2
m2

B − (m2
V2

+m2
V1

)
2mV2mV1

− βV1
3

|�p|2m2
B

mV2mV1

, (48)

CV1
λ=0 = βV1

5
m2

B − (m2
V2

+m2
V1

)
2mV2mV1

− βV1
6

|�p|2m2
B

mV2mV1

, (49)

BV1
λ=±1 = ∓βV1

1 mB |�p| − βV1
2 , (50)

CV1
λ=±1 = ∓βV1

4 mB |�p| − βV1
5 . (51)

In the above equations, |�p| is the momentum common to
the V1 and V2 particles in the B rest frame. It takes the
form

|�p| =

√
[m2

B − (mV1 +mV2)2][m2
B − (mV1 −mV2)2]

2mB
,

(52)
where m1 and m2 are the vector masses. Taking into ac-
count the previous relations, we arrive at the final form
for the amplitudes Hλ

(
B → ρ0(ω)V2

)
:

Hλ=0
±1

(
B → ρ0(ω)V2

)
= Aλ2

{[
Rρ

1B
ρ
λ=0

±1
+Rρ

2C
ρ
λ=0

±1

]

+ i
[
Iρ
1B

ρ
λ=0

±1
+ Iρ

2C
ρ
λ=0

±1

]}
+

Π̃ρω

(sρ −m2
ω) + imωΓω
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×
[
Aλ2

{[
Rω

1B
ω
λ=0

±1
+Rω

2C
ω
λ=0

±1

]

+ i
[
Iω
1 B

ω
λ=0

±1
+ Iω

2 C
ω
λ=0

±1

]}]
, (53)

where one defines

RV1
i = ηλ2cV1

ti
− Im(cV1

pi
) , (54)

IV1
i = ρλ2cV1

ti
+ Re(cV1

pi
) , (55)

with V1 being either ρ0 or ω. From (53), the density matrix
elements hλ,λ′ can be derived automatically, and one has

hλ,λ′ = Hλ

(
B → ρ0(ω)V2

)
H∗

λ′
(
B → ρ0(ω)V2

)
. (56)

Because of the hermiticity of the matrix (hλ,λ′), only six
elements must be calculated.

4.2.2 Explicit amplitudes for the B decays investigated

By applying the formalism described in Sect. 3, one gets
in the case of the ρ0 production the following linear com-
binations of the effective Wilson coefficients.
(1) For the decay B̄0 → K̄∗0ρ0:

cρt1 = C ′
1 +

C ′
2

Nc
, cρp1

=
3
2

(
C ′

9 +
C ′

10

Nc
+ C ′

7 +
C ′

8

Nc

)
,

cρt2 = 0 , cρp2
= −

(
C ′

4 +
C ′

3

Nc

)
+

1
2

(
C ′

10 +
C ′

9

Nc

)
, (57a)

where the C ′
i are listed in Table 2. The coefficients cρti

re-
late to the tree diagrams and cρpi

to the penguin diagrams.
To simplify the formulas we used Nc for N eff

c in the ex-
pressions (57a)–(57d).
(2) For the decay B− → K∗−ρ0:

cρt1 = C ′
1 +

C ′
2

Nc
, cρp1

=
3
2

(
C ′

9 +
C ′

10

Nc
+ C ′

7 +
C ′

8

Nc

)
,

cρt2 = C ′
2 +

C ′
1

Nc
, cρp2

= C ′
4 +

C ′
3

Nc
+ C ′

10 +
C ′

9

Nc
. (57b)

In the case of ω production one obtains the following
linear combinations of effective Wilson coefficients.
(1) For the decay B̄0 → K̄∗0ω:

cωt1 = 0 , cωp1
= −C ′

4 − C ′
3

Nc
+

1
2

(
C ′

10 +
C ′

9

Nc

)
,

cωt2 = C ′
1 +

C ′
2

Nc
,

cωp2
= 2

(
C ′

3 +
C ′

4

Nc
+ C ′

5 +
C ′

6

Nc

)

+
1
2

(
C ′

9 +
C ′

10

Nc
+ C ′

7 +
C ′

8

Nc

)
. (57c)

(2) For the decay B− → K∗−ω:

cωt1 = C ′
2 +

C ′
1

Nc
, cωp1

= C ′
4 +

C ′
3

Nc
+
(
C ′

10 +
C ′

9

Nc

)
,

cωt2 = C ′
1 +

C ′
2

Nc
,

cωp2
= 2

(
C ′

3 +
C ′

4

Nc
+ C ′

5 +
C ′

6

Nc

)

+
1
2

(
C ′

9 +
C ′

10

Nc
+ C ′

7 +
C ′

8

Nc

)
. (57d)

We refer to Appendix A for details of the helicity ampli-
tudes, while for the channel B± → ρ0(ω)ρ± we refer to
Appendix B.

4.3 CKM matrix and form factors

In phenomenological applications, the widely used repre-
sentation of the CKM matrix is the Wolfenstein paramet-
rization [20]. In this approach, the four independent pa-
rameters are λc, A, ρ and η. Then, by expanding each el-
ement of the matrix as a power series in the parameter
λc = sin θc = 0.2209 (θc is the Gell-Mann–Levy–Cabibbo
angle), one finds (O(λ4

c) is neglected)

V̂CKM =


 1 − 1

2λ
2
c λc Aλ3

c(ρ− iη)
−λc 1 − 1

2λ
2
c Aλ2

c

Aλ3
c(1 − ρ− iη) −Aλ2

c 1


 ,

(58)
where η plays the role of the CP -violating phase. In this
parametrization, even though it is an approximation in λc,
the CKM matrix satisfies unitarity exactly, which means
that

V̂ †
CKM · V̂CKM = Î = V̂CKM · V̂ †

CKM . (59)

The form factors, V (k2) and Aj(k2), depend on the inner
structure of the hadrons. Here we will adopt two different
theoretical approaches. The first was proposed by Bauer,
Stech, and Wirbel [10] (BSW), who used the overlap in-
tegrals of wave functions in order to evaluate the meson–
meson matrix elements of the corresponding current. In
that case the momentum dependence of the form factors
is based on a single-pole ansatz. The second approach was
developed by Guo and Huang (GH) [30], who modified the
BSW model by using some wave functions described in the
light-cone framework. Nevertheless, both of these models
use phenomenological form factors which are parameter-
ized by making the assumption of nearest pole dominance.
The explicit k2 dependence of the form factor is [10,31]:

V (k2) =
hV(

1 − k2

m2
V

) , Aj(k2) =
hAj(

1 − k2

m2
Aj

) , (60)

where mAj and mV are the pole masses associated with
the transition current and hV and hAj are the values of
the form factors at q2 = 0.
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5 Monte Carlo simulations:
computation of hij and general results

5.1 Numerical inputs

5.1.1 CKM values

In our numerical calculations we have several parameters:
q2, N eff

c and the CKM matrix elements in the Wolfenstein
parametrization. As mentioned in Sect. 4, the value of q2 is
conventionally chosen to be in the range 0.3 < q2/mb

2 <
0.5. The CKM matrix, which should be determined from
experimental data, is expressed in terms of the Wolfen-
stein parameters, A, λc, ρ, and η [20]. Here, we shall use
the latest values [32], which were extracted from charm-
less semileptonic B decays (|Vub|) charmed semileptonic B
decays (|Vcb|) s and d mass oscillations, ∆ms, ∆md, and
CP violation in the kaon system (εK), (ρ, η). Hence, one
has

λc = 0.2237 , A = 0.8113 , 0.190 < ρ < 0.268 ,
0.284 < η < 0.366 . (61)

These values respect the unitarity triangle as well (see
also Table 3). In our numerical simulations, we will use
the average values of ρ and η.

5.1.2 Quark masses

The running quark masses are used in order to calculate
the matrix elements of the penguin operators. The quark
mass is evaluated at the scale µ 	 mb in the B decays.
Therefore one has [33]

mu(µ = mb) = 2.3 MeV , md(µ = mb) = 4.6 MeV ,

ms(µ = mb) = 90 MeV , mb(µ = mb) = 4.9 GeV, (62)

which corresponds to ms(µ = 1 GeV) = 140 MeV. For the
meson masses, we shall use the following values [13]:

mB± = 5.279 GeV , mK∗0 = 0.896 GeV ,

mω = 0.782 GeV , mB0 = 5.279 GeV ,

mρ± = 0.770 GeV , mπ± = 0.139 GeV ,

mK∗± = 0.892 GeV , mρ0 = 0.770 GeV ,

mπ0 = 0.135 GeV . (63)

5.1.3 Form factors and decay constants

In Table 4 we list the relevant form factor values at zero
momentum transfer [10,30,34] for the B → K∗, B → ρ
andB → ω transitions. The different models are defined as
follows: model (1) is the BSW model where the q2 depen-
dence of the form factors is described by a single-ansatz.
Model (2) is the GH model with the same momentum de-
pendence as model (1). Finally, we define the decay con-
stant for the vector (fV ) meson as usually by

√
2〈ρ(q)|q̄1γµq2|0〉 = fρmρερ for ρ and otherwise ,
〈V (q)|q̄1γµq2|0〉 = fV mV εV , (64)

Table 3. Values of the CKM unitarity triangle for limiting
values of the CKM matrix elements

α β γ

(ρmin, ηmin) 104◦47 19◦32 56◦21
(ρmin, ηmax) 93◦13 24◦31 62◦56
(ρmax, ηmin) 112◦14 21◦20 46◦66
(ρmax, ηmax) 99◦66 26◦56 53◦78

with q being the momentum of the vector meson and mV

and εV being the mass and polarization vector of the vec-
tor meson, respectively. Numerically, in our calculations,
we take [13]

fK∗ = 214 MeV , fρ = 221 MeV , fω = 195 MeV . (65)

Finally, the free parameter (effective number of color,
N eff

c ) is taken to lie between the lower (upper) limits 0.66
(2.84) for the b → s transition. Nevertheless, we focus our
analysis on values of N eff

c bigger than 1, as suggested in
[35]. Regarding the b → d transition, the lower (upper)
limits for N eff

c are 0.98 (2.01) [35].

5.2 Simulation of the ρ0–ω mixing

All the channels studied here include at least one ρ0 meson
which mixes with the ω meson. The other vector mesons
are either a K∗0,± or a ρ±. Thus, the mass of each reso-
nance is generated according to a relativistic Breit–Wigner
expression:

dσ
dM2 = CN

ΓRMR

(M2 −M2
R)2 + (ΓRMR)2

, (66)

where CN is a normalization constant. In (66), MR and
ΓR are respectively the mass and the width of the vector
meson which have been determined experimentally. M is
the mass of the generated resonance. A simple and phe-
nomenological relation describing the amplitude for ρ0–ω
mixing is used for the Monte Carlo simulations [36]. In the
Breit–Wigner expression, the ρ0-propagator is replaced by
the following one:

1
sρω

=
1
sρ

+
Tω

Tρ

Πρω

sρsω
, (67)

where Tω and Tρ are respectively the ω and ρ production
amplitudes. In addition, Π̃ρω is the mixing parameter for
which recent values come from e+e− → π+π− annihi-
lations. Explanations have already been given in Sect. 3.
Finally, 1/sV has the same definition as in (22). Because
the same physical processes enter the production of both
the ρ0 and ω resonances (they are both made out from uū
and dd̄ quark pairs with the same weight 1/2), it seems
natural to choose Tω/Tρ = 1. So the invariant mass dis-
tribution of the π+π− system becomes simplified, being
given by

dσ/dm2 ∝ ∣∣A(ρ0(ω))
∣∣2 , (68)
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Fig. 4. Spectrum of ρ0–ω mixing (in
MeV/c2), simulated by the interference
of two Breit–Wigner curves

Table 4. Form factor values for B → ρ, B → ω and B → K∗ at q2 = 0 (see the
reference in text)

B → ρ
hV hA0 = hA3 hA1 hA2 mV (GeV2) mAi (GeV2)

model (1) 0.329 0.281 0.283 0.283 5.32 5.32
model (2) 0.394 0.345 0.345 0.345 5.32 5.32

B → ω
hV hA0 = hA3 hA1 hA2 mV (GeV2) mAi (GeV2)

model (1) 0.328 0.280 0.281 0.281 5.32 5.32
model (2) 0.394 0.345 0.345 0.345 5.32 5.32

B → K∗

hV hA0 = hA3 hA1 hA2 mV (GeV2) mAi (GeV2)

model (1) 0.369 0.321 0.328 0.331 5.43 5.43
model (2) 0.443 0.360 0.402 0.416 5.43 5.43

where A(ρ0(ω)) is the amplitude of the two mixed Breit–
Wigner distributions and m is the π+π− invariant mass.
In Fig. 4, the π+π− invariant mass spectra for ρ0–ω mixing
is displayed. Because of the very narrow width of ω, (Γω =
8.44 MeV), we notice a high and narrow peak at the ω pole
(≈ 782 MeV).

5.3 Density matrix hλ,λ′

Three main parameters remain free in our simulations:
the ratio q2/m2

b (related to the penguin diagrams), the

form factor model (GH or BSW) and the effective num-
ber of colors, N eff

c (associated with the factorization hy-
pothesis). The histograms plotted in Fig. 5 display spectra
of the diagonal and normalized density matrix elements
hi,i, for the channels B0 → ρ0(ω)K∗0 (left-hand side) and
B+ → ρ0(ω)ρ+ (right-hand side). The input numerical
parameters are q2/m2

b = 0.3, N eff
c = 2.84 (left-hand side

figure) or N eff
c = 2.01 (right-hand side figure), and the

GH form factor model is applied for both decays. Note also
that the average values of the CKM parameters ρ and η are
used. The wide spectrum of values of the density matrix
element hλ,λ, is caused by the resonance widths (especially
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Fig. 5. Spectrum of h−−, h00, h++.
Histograms on the left correspond to
the channel B0 → ρ0(ω)K∗0 where
the parameters used are q2/m2

b = 0.3,
Neff

c = 2.84, ρ = 0.229, η = 0.325 and
form factors from the GH model. His-
tograms on the right correspond to the
channel B+ → ρ0(ω)ρ+ for the same
parameters with Neff

c = 2.01

that of the ρ) which provides, in turn, a large spectrum for
the common momentum pV in the B rest frame. Whatever
the ρ0(ω)V2 channel is, h00 = |H0|2, which corresponds to
longitudinal polarization, is the dominant value. Numeri-
cally, for the B0 → ρ0(ω)K∗0 decay, the mean value of h00
is around 0.87, while it is of order 0.90 for B+ → ρ0(ω)ρ+.
The dominance of the longitudinal polarization has al-
ready been confirmed experimentally, since recent exper-
imental data related to the channel B → J/ψK∗ show
clearly that the longitudinal decay amplitude dominates
in that case, with |H0|2 = 0.59 ± 0.06 ± 0.01 [37]. Ex-
trapolating these results to the charmless vector meson
final states requires some modifications of the form fac-
tors without a big change of the relative contributions of
the polarization states. Regarding h−− = |H−1|2, it repre-
sents less than 0.5% of the total amplitude for both decays.
This numerical result is confirmed by complete analytical
calculations.

In Figs. 6 and 7, the real and imaginary parts of the
non-diagonal and normalized density matrix elements hi,j ,
are shown for the channels B0 → ρ0(ω)K∗0 and B+ →
ρ0(ω)ρ+, respectively. The input parameters are the same
as previously mentioned. The main feature of the non-
diagonal matrix elements, hi,j , is the smallness of both
the imaginary and real parts – the imaginary part being
at least one order of magnitude smaller than the real part
one. For the B+ → ρ0(ω)ρ+ decay, we observe that the
mean value of all the imaginary parts is zero, whereas it

can vary for the other decay. Note also that the three real
parts are quite similar for both decays. Because of the tiny
value of h−− = |H−1|2, the moduli of the non-diagonal
elements, h+− = H+H

∗
− and h0− = H0H

∗
−, are very small,

while the modulus of h+0 = H+H
∗
0 is around 0.3 for both

decays. As a first conclusion, the general behavior of the
density matrix seems to be similar whatever the decay
is. Experimentally, only the mean values of the diagonal
elements and h+− will one be able to measure through the
angular distributions.

These angular distributions are plotted in Figs. 8 and 9
in the helicity frame and in the transversity frame, respec-
tively for B0 → ρ0(ω)K∗0 and for the usual input param-
eters. Their normalized pdfs have been displayed above
in (10). As a consequence of the small value of 〈h+−〉,
the azimuthal angle distribution in the helicity frame is
nearly flat, whereas it is sinusoidal in the transversity
frame. From the distribution as a function of polar angle
(in the TF) displayed in (13), one can infer a mean value
of the HT amplitude. This represents an additional piece
of information through which one can access the dynamics
of B(B̄) decays into two charmless hadrons.

6 Branching ratio and asymmetry
in B decays into two vector mesons

The analytic expressions for the density matrix elements,
hij , allow us to calculate the hadronic branching ratios
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Fig. 6. Spectrum of Re(hij) and
Im(hij) where i �= j. Histograms cor-
respond to channel B0 → ρ0(ω)K∗0

where the used parameters are
q2/m2

b = 0.3, Neff
c = 2.84, ρ = 0.229,

η = 0.325 and form factors from the
GH model

Fig. 7. Spectrum of Re(hij) and
Im(hij) where i �= j. Histograms
correspond to the channel B+ →
ρ0(ω)ρ+ where the used parameters
are q2/m2

b = 0.3, Neff
c = 2.01, ρ =

0.229, η = 0.325 and form factors
from the GH model
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Fig. 8. Spectrum of polar angle (upper fig-
ure) and azimuthal angle (lower one) in
the helicity frame for the channel B0 →
ρ0(ω)K∗0. Parameters used are q2/m2

b =
0.3, Neff

c = 2.84, ρ = 0.229, η = 0.325 and
form factors from the GH model

Fig. 9. Spectrum of the polar angle (upper
figure) and the azimuthal angle (lower one)
in the transversity frame for the channel
B0 → ρ0(ω)K∗0. Parameters are q2/m2

b =
0.3, Neff

c = 2.84, ρ = 0.229, η = 0.325 and
form factors from the GH model
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Table 5. B̄0, B− branching ratios (in units of 10−6) using
either the BSW or GH form factor models, for q2/m2

b = 0.3
(0.5), with Nb→s

cmax = 2.84 (2.82), Nb→d
cmax = 2.01 (1.95), ρ = 0.229

and η = 0.325

Channel q2

m2
b

BSW GH

B̄0 → K̄∗0ρ0(ω) 0.3 2.1 1.0
0.5 1.5 0.73

B− → K∗−ρ0(ω) 0.3 6.6 3.9
0.5 6.2 3.6

B− → ρ−ρ0(ω) 0.3 24 13
0.5 24 14

B(B → ρ0(ω)V2) and to estimate the asymmetries related
to the B and B̄ decays. All these physical observables de-
pend primarily on a subset of the parameters mentioned
previously, such as the form factors, the ratio q2/mb

2

(where q2 is the mass of the virtual gluon in the pen-
guin diagram), the effective number of colors, N eff

c (used
as a free parameter in the framework of the factorization
hypothesis), and the CKM matrix element parameters ρ
and η.

6.1 Branching ratio: results and discussions

Departing from the definition of the branching ratio
(B(B → f)),

B(B → f) =
Γ (B → f)
Γ (B → All)

, (69)

the width Γ (B → V1V2) can be inferred from its differen-
tial form given by the standard relation [38]:

dΓ (B → V1V2) (70)

=
1

8π2M
|M(B → V1V2)|2 d3�p1

2E1

d3�p2

2E2
δ4(P − p1 − p2) .

In (70), P = (M,�0), where M = mb and (E1, �p1) and
(E2, �p2) are the four-momenta of V1 and V2, respectively,
in the B rest frame. Because of the large width of the
ρ0 meson (Γρ ≈ 150 MeV) and the K∗ meson (ΓK∗ ≈
50 MeV), the energy, Ei, and the momentum, pi, of each
vector meson vary according to the generated event. Com-
putation of Γ (B → ρ0(ω)V2) could not be done analyti-
cally but numerically by Monte Carlo methods. A total
number of 50 000 events have been generated in order to
obtain a precise estimate of this decay width.

In Tables 5 and 6 we list (respectively) the branching
ratios for B̄ → ρ0(ω)V̄2 andB → ρ0(ω)V2 and their depen-
dence on the form factor models (BSW and GH), q2/m2

b ,
N eff

c and the average values of the CKM parameters ρ and
η. For a fixed value of q2/mb

2, there are important varia-
tions of the branching ratios, depending on the form factor
model. They can vary by up to a factor two. In the frame-
work of a given form factor model, some branching ratio

Table 6. B0, B+ branching ratios (in units of 10−6) using
either the BSW or GH form factor models, for q2/m2

b = 0.3
(0.5), with Nb→s

cmax = 2.84 (2.82), Nb→d
cmax = 2.01 (1.95), ρ = 0.229

and η = 0.325

Channel q2

m2
b

BSW GH

B0 → K∗0ρ0(ω) 0.3 2.1 1.0
0.5 1.7 0.83

B+ → K∗+ρ0(ω) 0.3 5.8 3.4
0.5 3.8 2.3

B+ → ρ+ρ0(ω) 0.3 20 11
0.5 20 11

modifications appear with q2/mb
2, especially in the chan-

nels including a K∗. However, these changes do not exceed
34%. Regarding the ratio between B(B0 → ρ0(ω)K∗0) and
B(B+ → ρ0(ω)K∗+), its value is found to be of the order
of 0.40 for the BSW model and 0.34 for the GH model.

The relative difference between the two conjugate
branching ratios B(B → f) and B(B̄ → f̄) is almost in-
dependent of the form factor models, for a fixed value of
q2/mb

2. It can be computed from the two tables just men-
tioned and, usually, it does not exceed 20%. The exception
is for the K∗±ρ0(ω) channels, where it reaches 39%.

6.2 Asymmetry: results and discussions

A search for direct CP violation requires asymmetries be-
tween conjugate final states coming from the B and B̄
decays respectively. In our case, these searches are per-
formed in two complementary ways. We consider first the
global CP -violating asymmetry aCP , calculated from the
branching ratios:

aCP =
B(B → f) − B(B̄ → f̄)
B(B → f) + B(B̄ → f̄)

. (71)

Secondly, we use the partial widths of B(→ f) and
B̄(→ f̄), calculated as described above together with the
differential asymmetries investigated as a function of the
π+π− invariant mass in the whole range of the ρ0 Breit–
Wigner resonance. Hence, aCP (m) takes the following
form:

aCP (m) =
Γm(B → f) − Γ̄m(B̄ → f̄)
Γm(B → f) + Γ̄m(B̄ → f̄)

, (72)

where m is the π+π− invariant mass. Γm(B → f) and
Γ̄m(B̄ → f̄) in (72) are the partial widths written as a
function of m.

In Table 7 we list the global CP -violating asymmetry
between the B and B̄ decays for the channels under in-
vestigation. It can be noticed that, for a fixed value of
q2/mb

2, the two form factor models provide quite simi-
lar results. For different q2/mb

2 values, the corresponding
results could vary, especially in the K∗±ρ0(ω) channels.
In Figs. 10 and 11 we show, respectively, the histogram of
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Fig. 10. CP -violating asymmetry param-
eter aCP (m), as a function of the π+π− in-
variant mass in the vicinity of the ω mass
region for the channel B0 → ρ0(ω)K∗0. Pa-
rameters are q2/m2

b = 0.3, Neff
c = 2.84,

ρ = 0.229, η = 0.325. Solid triangles up
and circles correspond to the BSW and GH
form factor models respectively

Table 7. Global CP -violating asymmetries (in percents) using
either the BSW or GH form factor models, for q2/m2

b = 0.3
(0.5), with Nb→s

cmax = 2.84 (2.82), Nb→d
cmax = 2.01(1.95), ρ = 0.229

and η = 0.325

Channel q2

m2
b

BSW GH

K̄∗0(K∗0)ρ0(ω) 0.3 +0.36 −0.45
0.5 +4.70 +5.90

K∗−(K∗+)ρ0(ω) 0.3 −6.6 −6.37
0.5 −23.0 −22.0

ρ−(ρ+)ρ0(ω) 0.3 −8.5 −9.6
0.5 −8.7 −9.9

the direct CP -violating asymmetry parameter aCP (m),
for the decays B0 → ρ0(ω)K∗0 and B+ → ρ0(ω)ρ+, as a
function of the π+π− invariant mass in the ω mass region
and for both form factor models. The asymmetry reaches
its maximum when

√
s is around 780 MeV. However, out-

side the displayed windows, the asymmetry goes to zero in
any case. The peak of the asymmetry is emphasized when
the GH form factor model is used in our simulations. For
the K∗0ρ0(ω) channels, the maximum of the CP violating
asymmetry is around 13% and 16%, for the BSW model
and the GH model, respectively. Finally, we emphasize
that the ρ±ρ0(ω) channels present the most intriguing re-
sults because, in any case, their asymmetry is at least 80%
(BSW model) and can reach 95% (GH model). This last

channel is highly recommended for a direct search for CP
violation.

7 Perspectives and conclusions

We have studied direct CP violation in decay process such
as B → ρ0(ω)V2 → π+π−V2, where V2 is either K∗0,±
or ρ±, with the inclusion of ρ0–ω mixing. When the in-
variant mass of the π+π− pair is in the vicinity of the ω
resonance, it is found that the CP -violating asymmetry,
aCP (m), reaches its maximum value. In our analysis we
have also investigated the branching ratios for the same
channels. Thanks to the standard helicity and transversity
formalisms, rigorous and detailed calculations of the B0±
decays into two charmless vector mesons have been car-
ried out completely. Using the effective Hamiltonian based
on the operator product expansion with the appropriate
Wilson coefficients, we derived in detail the amplitudes
corresponding to B → ρ0(ω)V2 → π+π−V2 decay and the
density matrix, hλλ′ as well.

In order to apply our formalism, we used a Monte Carlo
method for all the numerical simulations. Moreover, we
dealt at length with the uncertainties coming from the in-
put parameters. In particular, these include the Cabibbo–
Kobayashi–Maskawa matrix element parameters, ρ and η,
the effective number of colors, N eff

c , coming from the naive
factorization and two phenomenological models in order to
show the possible dependence on the form factors, GH or
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Fig. 11. CP -violating asymmetry param-
eter aCP (m), as a function of the π+π− in-
variant mass in the vicinity of the ω mass
region for the channel B+ → ρ0(ω)ρ+. Pa-
rameters are q2/m2

b = 0.3, Neff
c = 2.01,

ρ = 0.229, η = 0.325. Solid triangles down
and circles correspond to the BSW and GH
form factor models respectively

BSW. These form factors vary slightly according to the fi-
nal states. Recall that this work was achieved by applying
a phenomenological treatment, where some assumptions
regarding the evaluation of the hadronic matrix elements
have been made. In this approach, corrections associated
with the limit of validity of the factorization hypothesis
were parameterized phenomenologically and may involve
large uncertainties.

As a major result, the predominance of the longitu-
dinal polarization, h00, has been pointed out in all the
investigated decays. We also found a large direct CP -
violating asymmetry in these B decays into two charm-
less vector mesons. We stress that, without the inclusion
of ρ0–ω mixing, we would not have a large CP -violating
asymmetry. Finally, we predicted branching ratios to be
of the order 0.7–2.1 × 10−6 for K∗0ρ0(ω) and of the order
2.3–6.6 × 10−6 for K∗±ρ0(ω) (depending on the different
phenomenological models). For the channel ρ±ρ0(ω), we
found the branching ratios to be of the order 11–24×10−6.

Two main conclusions can be drawn. The first is the
relative importance of the form factor model which is used,
since some branching ratios in B → ρ0(ω)V2 could change
by up to a factor two. The second is the important role of
ρ0–ω mixing, which can considerably enhance the asym-
metry parameter aCP , between the conjugate final states
coming, respectively, from B and B̄ decays.

Beside the “standard” ways to look for direct CP vi-
olation, such as the difference between branching ratios
and/or discrepancies in the angular distributions of the
decay products, we have presented a detailed discussion

of a new method. This involves the variation of aCP as a
function of the π+π− invariant mass over the whole range
of the ρ0 resonance [12,35]. We believe that this method
will be very fruitful for future experiments and has already
been implemented in the generator of the LHCb experi-
ment. Indeed, we look forward to being able to apply the
formalism developed here to the analysis of experimental
data for decays such as B → ρ0(ω)V2 (with V2 being either
a K∗ or a ρ±) in the near future.
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edge G. Menessier from the LPTM, for many illuminating dis-
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Appendix

A Practical calculations
of the helicity amplitudes

The helicity formalism in the case of vector mesons re-
quires the introduction of three polarization four-vectors
for each spin-1 particle [39]:

ε(1) = (0,�ε(1)) , ε(2) = (0,�ε(2)) ,
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and

ε(3) =
(
|�k|/m,Ek̂/m

)
. (73)

They satisfy the following relations as well:

ε(i)2 = −1 , and ε(i) · ε(j) = 0 , with i 
= j , (74)

where m,E and �k are respectively the mass, the energy
and the momentum of the vector meson. k̂ is defined as
the unit vector along the vector momentum, k̂ = �k/|�k|.
The three vectors �ε(1),�ε(2) and �ε(3) = Ek̂/m form an
orthogonal basis. �ε(1) and �ε(2) are the transverse polar-
ization vectors while �ε(3) is the longitudinal polarization
vector. These three vectors allow one to define the helicity
basis:

ε(+) =
(ε(1) + i ε(2))√

2
, ε(−) =

(ε(1) − i ε(2))√
2

,

and

ε(0) = ε(3) . (75)

These four-vectors are eigenvectors of the helicity opera-
tor H corresponding, respectively, to the eigenvalues λ =
+1,−1 and 0. In the B0± rest frame, the vector mesons
have opposite momentum �k1 = −�k2 and their respective
polarization vectors are correlated. This implies the fol-
lowing expressions:

�kK = −�kρ = �k =


k sin θ cosφ
k sin θ sinφ
k cos θ


 ,

where θ and φ are respectively the polar and azimuthal
angles of the produced K∗. In our case, one has for the
transversal polarization vectors (K∗ and ρ) the expres-
sions

�εK(1) =


 cos θ cosφ

cos θ sinφ
− sin θ


 = �ερ(1) ,

and

�εK(2) =


− sinφ

cosφ
0


 = −�ερ(2) .

Regarding the longitudinal polarization, εK(3) and ερ(3)
take the form

εK(3) =

(
|�k|
mK

,
EK

mK
k̂

)
, ερ(3) =

(
|�k|
mρ

,
Eρ

mρ
(−k̂)

)
.

(76)
By applying the relations from (75), one can express the
vectors �ε(i) in the helicity basis and one gets �ε(±):

�εK(+) =


 cos θ cosφ− i sinφ

cos θ sinφ+ i cosφ
− sin θ


 /

√
2

= �ε ∗
K (−) = �ερ(−) , (77)

�εK(−) =


 cos θ cosφ+ i sinφ

cos θ sinφ− i cosφ
− sin θ


 /

√
2

= �ε ∗
K (+) = �ερ(+) . (78)

The weak hadronic amplitude is therefore decomposed, in
the helicity basis, according to the general method devel-
oped by Bauer, Stech and Wirbel [10]. This will allow one
to obtain two interesting results. Firstly, one can isolate
the contribution of each helicity state to the total ampli-
tude. Secondly, the contributions of the tree and penguin
operators to the total amplitude can be separated via the
helicity states.

The knowledge of the main input parameters ρ, η,A,
sin θc(= λc) and the masses and widths of the intermediate
resonances allow one to make a complete determination of
the three helicity amplitudes Hλ

(
B → ρ0(ω)V2

)
, where

the helicity λ can take the values −1, 0 or +1.

B Channel B± → ρ0(ω)ρ±

The formalism applied in case of B → ρ0(ω)K∗ can be
extended to B± → ρ0(ω)ρ±. Nevertheless, in the last case
one has a b → d transition instead of b → s. The amplitude
Hλ

(
B → ρ0(ω)V2

)
has the form

Hλ=0
±1

(
B → ρ0(ω)V2

)
= Aλ3

{[
Rρ

1B
ρ
λ=0

±1
+Rρ

2C
ρ
λ=0

±1

]

+ i
[
Iρ
1B

ρ
λ=0

±1
+ Iρ

2C
ρ
λ=0

±1

]}

+
Π̃ρω

(sρ −m2
ω) + imωΓω

[
Aλ3

{[
Rω

1B
ω
λ=0

±1
+Rω

2C
ω
λ=0

±1

]
+ i

[
Iω
1 B

ω
λ=0

±1
+ Iω

2 C
ω
λ=0

±1

]}]
, (79)

where one defines

RV1
i =

(
1 − λ2

2

)
ηcV1

ti
+ η Re(cV1

pi
) − (1 − ρ) Im(cV1

pi
), (80)

IV1
i =

(
1 − λ2

2

)
ρcV1

ti
+ η Im(cV1

pi
) + (1 − ρ) Re(cV1

pi
), (81)

with V1 being either ρ0 or ω. We have

if V1 ≡ ρ and i = 2 then RV1
i = IV1

i = 0 . (82)

The expressions for cV1
ti

and cV1
pi

, which correspond to the
investigated channel, take the following form.
(1) For the decay B− → ρ0ρ−:

cρt1 = C ′
1 +

C ′
2

Nc
+ C ′

2 +
C ′

1

Nc
,

cρp1
=

3
2

(
C ′

7 +
C ′

8

Nc
+ C ′

9 +
C ′

10

Nc
+ C ′

10 +
C ′

9

Nc

)
. (83)
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(2) In the case of ω production, one obtains the linear
combinations of the effective Wilson coefficients for the
decay B− → ωρ−:

cωt1 = C ′
2 +

C ′
1

Nc
, cωp1

= C ′
4 +

C ′
3

Nc
+
(
C ′

10 +
C ′

9

Nc

)
,

cωt2 = C ′
1 +

C ′
2

Nc
,

cωp2
= 2

(
C ′

3 +
C ′

4

Nc
+ C ′

5 +
C ′

6

Nc

)

+
1
2

(
C ′

9 +
C ′

10

Nc
+ C ′

7 +
C ′

8

Nc
− C ′

10 − C ′
9

Nc

)
. (84)

All the terms used in the appendix have been defined in
Sect. 4.
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